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ON REGULAR STEIN NEIGHBORHOODS OF A UNION OF 
TWO TOTALLY REAL PLANES IN 

TADEJ STARCIC 


Abstract. In this paper we find regular Stein neighborhoods of a union of 
totally real planes M = {A and N = in provided that the 

entries of a real 2x2 matrix A are sufficiently small. A key step in our proof is 
a local construction of a suitable function p near the origin. The sublevel sets 
of p are strongly Levi pseudoconvex and admit strong deformation retraction 
to M U TV. 


1. Introduction 

The class of Stein manifolds is one of the most important classes of complex 
manifolds. There are many characterizations of Stein manifolds (see Remmert [16j . 
Grauert m and Cartan [3]). Also many classical problems in complex analysis are 
solvable on Stein manifolds (see the monographs [13] and [H]). Therefore it is a 
very useful property for a subset of a manifold to have open Stein neighborhoods. 

On the other hand one would also like to understand the topology or the homo- 
topy type of such neighborhoods. Also approximation theorems can be obtained if 
neighborhoods have further suitable properties (see Cirka ED- Interesting results 
in this direction for real surfaces immersed (or embedded) into a complex surface 
were given by Forstneric [II Theorem 2.2] and Slapar [17]. If TT : S' —>■ A is a smooth 
immersion of a closed real surface into a complex surface with finitely many special 
double points and only flat hyperbolic complex points, then 7r(S) has a basis of 
regular Stein neighborhoods; these are open Stein neighborhoods which admit a 
strong deformation retraction to 7r(S) (for the precise definition see Sect. [4]). The 
problem is to find a good plurisubharmonic function locally near every double point 
(see [SJITldT]) or hyperbolic complex point (see [H]). We add here that elliptic 
complex points prevent the surface from having a basis of Stein neighborhoods due 
to the existence of Bishop discs (see m, while the surface is locally polynomially 
convex at hyperbolic points by a result of Forstneric and Stout (see i)- 

In this paper we consider a union of two totally real planes M and N in 
with M nN = {0}. Every such union is complex-linearly equivalent to UM{A), 
where M(A) is the real span of the columns of the matrix A + il. Moreover, A is a 
real matrix determined up to real conjugacy and such that A — il is invertible. By 
a result of Weinstock (see [TB]) each compact subset of U M{A) is polynomially 
convex if and only if A has no purely imaginary eigenvalue of modulus greater than 
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one. For matrices A that satisfy this condition it is then reasonable to try to find 
regular Stein neighborhoods for U M{A). If A = 0 the situation near the origin 
coincides with the special double point of immersed real surface in complex surface 
mentioned above. When A is diagonalizable over R with Trace( 2 l) = 0, a regular 
Stein neighborhood basis has been constructed by Slapar (see [ITl Proposition 3]). 

In Sect. |4]we prove that regular Stein neighborhoods of R^UM(A) in can be 
constructed, if the entries of A are sufficiently small. An important step in our proof 
is a local construction of a suitable function p near the origin, depending smoothly 
on the entries of A. Furthermore, p is strictly plurisubharmonic in complex tangent 
direction to its sublevel sets, and such that the sublevel sets shrink down to MUN. 
The Levi form of p is a homogeneous polynomial of high degree and it is difficult 
to control its sign for bigger entries of A. It would also be interesting to generalize 
the construction to the case of a union of two totally real subspaces of maximal 
dimension in C", though the computations of the Levi form would quickly get very 
lengthy and would be hard to handle. 

Every Stein manifold of dimension n can be realized as a CW-complex of dimen¬ 
sion at most n (see Andreotti and Frankel my A natural question related to our 
problem is if one can find regular Stein neighborhoods of a handlebody obtained by 
attaching a totally real handle to a strongly pseudoconvex domain. For results in 
this directions see the monograph [10] and the papers by Eliashberg |5|, Forstneric 
and Kozak |8| and others. We shall not consider this matter here. 

2. Preliminaries 

A real linear subspace in C” is called totally real if it contains no complex sub¬ 
space. It is clear that the real dimension of a totally real subspace in C" is at most 
n. 

Now let M and N be two linear totally real subspaces of real dimension n in C", 
intersecting only at the origin. The next lemma describes the basic properties of a 
union of such subspaces M U N. It is well known and it is not difficult to prove. 
We refer to [18] for the proof of the lemma and a short note on linear totally real 
subspaces in C”. 

Lemma 2.1. Let M and N be two linear totally real subspaces of real dimension 
n in C” and with intersection M n N = {0}. Then there exists a non-singular 
complex linear transformation which maps N onto R" Ri (R x {0})" C C" and M 
onto M{A) = {A iJ)R", where A is a matrix with real entries and such that i is 
not an eigenvalue of A. Moreover, any non-singular real matrix S maps M(A)UR"' 
onto M(S'A5'-i)UR'*. 

Our goal is to construct Stein neighborhoods of a union of totally real planes M 
and N in C^, intersecting only at the origin (see Sect. [4]). It is easy to see that non¬ 
singular linear transformations map Stein domains onto Stein domains and totally 
real subspaces onto totally real subspaces. According to Lemma 12.11 the general 
situation thus reduces to the case iV = R^ Ri (R x {0})^ C and M = (A-|-i/)R^, 
where A satisfies one of three conditions listed below. (In each case we also add an 
orthogonal complement M-*- to M and the squared Euclidean distance function dM 
to M in = (R + iR)^ Ri R^; they are all given in corresponding real coordinates 
{x, y, u, v) ^ {x -\- iy, u-\- iv) G C^.) 
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Case 1. A is diagonalizable over M, i.e. A = 


a 0 
0 d 


, a, d G R, 


(2.1) M = Span{(a,l,0,0),(0,0,d, 1)}, = Span{(l,-a, 0, 0), (0, 0,1,-d)}, 

j , (u-dv)^ , {x-ayf 

Case 2. A has complex eigenvalues (but i is not an eigenvalue), i.e. A = 
a,deR,d^0, a2 + (l-d2)V0, 


a —d 
d a 


( 2 . 2 ) 


M = Span{(a, 1, d, 0), (—d, 0, a, 1)}, 

M-*- = Span{(0, —d, 1, —a), (1, —a, 0, d)}, 

{u — dy — avY {x — ay + dv)^ 

dM(W.v) = l + + + l + „. + d2 ■ 

a d 


Case 3. A is non-diagonalizable, i.e. A = 


0 a 


, a G M, d 0, 


(2.3) M = Span{(a, 1, 0,0), (d, 0, a, 1)}, 


= Span{(0,0,l,-a),(l, 

, , . (u — avY 

dM(x,y,u,v) = ———^ + 
1 + 


—ad —d 

((1 + a‘^){x — ay) — dau — dv)"^ 


(1 + a^)((l + a^)^ + d^) 


Our construction of Stein domains involves strictly plurisubharmonic functions 
and strong pseudoconvexity. Here we recall the basic definitions and establish the 
notation. 


Given a C^-function p on a complex manifold X, we define the Levi form by 


£(,)(p;A) = (a9p(z),AAA), z G X, A G « T.X, 

where is the eigenspace corresponding to the eigenvalue i of the underlying 

almost complex structure operator J on the complexified tangent bundle CGirTX. 
In local holomorphic coordinates z = (zi,..., z„) we have 


" o2 _ ” (b 

j,k—l i=l 

A function p is strictly plurisubharmonic if and only if £(z) (p; ■) is a positive definite 
Hermitian quadratic form for all z G A. 

Let p: C” R be a defining function for H C C”, i.e. H = {z G C”: p(z) < c} 
and = {z G C”: p(z) = c} for some c G R. If also dp(z) ^ 0 for every z G we 
say that H has C^-boundary. 

A domain H C C" is strongly Levi pseudoconvex if for every z G bLl the Levi 
form of p is positive in all complex tangent directions to the boundary 612: 

£(^)(p;A)>0, zg6I2, A G Tf (612) := T,,(6I2) n zT,,(6I2). 

If p strictly plurisubharmonic in a neighborhood of the boundary 60, a domain 12 
is said to be strongly pseudoconvex. 

Throughout this paper (zi,Z 2 ) will be standard holomorphic coordinates and 
(x, y, u, v) corresponding real coordinates on with respect to Zi = x + iy and 
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zi = u + iv. Holomorphic and antiholomorphic derivatives are in standard notation 
denoted by ^ ^ or briefly by 

and the same for 

If p defines a domain fl C C^, we have 

rf(&fl) = {{wi,W2): ^{z)wi + ^{z)w2 = 0} 

uZi UZ2 

and we denote the vector in complex tangent direction to the boundary hVL by 

(2^4) = 

A straightforward calculation then gives 

(2.5) Ap) = PziTiPz2Pz 2 Pz2Z2PziPzi ~ Pz2Zl P^l Pz2 ~ PziZ2Pz2Pzi 

— Pzi'Zi\Pz 2 \ +PZ2Z2IP21I ~ ‘^^^iPz 2 'ZlPziPz 2 )- 


In terms of real partial derivatives, we have 


( 2 . 6 ) 


'C(p; Ap) 


J_ 

16 \dx'^ dy'^ ) yydu J \dv) 

16 ^ ^ydyj j 

1 / d'^p d^p A ^dp dp dpdp\ 

8 \ dxdu dydv) \dx du dy dv) 

1 / d'^p d^p \/dpdp dpdp\ 
8 \ dxdv dydu) \ clu i9a; dy du J 


3. Local construction at the intersection 

In this section we give a local construction of regular Stein neighborhoods near 
the intersection M O N = {0} of a union of two totally real planes M U N C C'^. 
Our goal is to find a function p-. C" —>■ M satisfying the following properties: 

(1) M U iV = {p = 0} = {Vp = 0}, 

(2) Oe = {p < e} is strongly Levi pseudoconvex for any sufficiently small e > 0. 

Observe that in this case the flow of the negative gradient vector field — Vp gives 
us a strong deformation retraction of O,. to M U N. 

In order to fulfil the conditions m and @ one might take linear combinations of 
products of squared Euclidean distance functions to M and N in respectively. 
However, the Levi form of such a function would be a polynomial of high degree and 
therefore very difficult to control. In order to simplify the situation we shall prefer 
to work with homogeneous polynomials. The following lemma is a preparation for 
our key result Lemma 13.31 

Lemma 3.1. Let A, M and dM be of the form as in i2.2\) or i2.S\) and let 

A = miih d^(a;, y, u, v) = y'^ -\- . Then the function 

p = d^+i< + drf\ a,f3>l 

satisfies the following properties: 
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(1) MUN = {p = 0}^ {Vp = 0}. 

(2) There exist constants r > 0 and eo > 0 such that p is strictly plurisubhar- 
monic on {{dM < eo} U {d^^ < Eq}) \ U U B^), where Bj. is a ball 
eentered at 0 and with radius r. In addition, for a = fi = 1 the Levi form 
of p is positive on a neighborhood of {M U N) \ {0}, and for a, j5 > 2 it 
vanishes on M U N. 

(3) For any e > 0 and = {p < e} the Levi form of p in complex tangent 
direction to the boundary bLl^ is of the form: 

C{p; Ap) = I Ap G 

where k is a positive polynomial in the entries of A, and P is a homogeneous 
polynomial of degree 10 in variables x, y, u, v and with coefficients depending 
polynomially on the entries of A. 


Proof. Property o is an immediate consequence of the definition of p. 
Next, we fix m, n > 1 and for any A = ^ ^ T(C^) we obtain 


(3.1) C{df:jdl; A) = md^-^dlC{dM] A) + (m - 


ddM , 






1 = 1 
2 


ddff- 


+ ndff ^df^C{dN]X} + (n - l)nd” 


E ddjsf 

J = L J 


It is well known and also very easy to check that the squared distance functions 
du and djq respectively to totally real subspaces M and N are strictly plurisub- 
harmonic. Moreover, there exists a constant c > 0 such that 

C{dM] A) > c|Ap, C{dN-, A) > c|Ap, A G 


For some real constant 6 > 0 we also have 



< h\/djsfdM IA| 


A G T{C^). 


Therefore, if we are sufficiently far away from N and close enough to M, but 
not on M, the term mdfff~^df^ C{dM',^) in (13.11) will dominate the third term in 
(13.11) . and will thus make C{df^d^; X) positive there, for all A. Similary, the term 
ndff~^dffjC{dN', A) makes C{df^d^-, A) positive, provided that we are far away from 
M and close to N, but not on N. Hence p = + d^d^^^ satisfies the first 

part of the statement ([2]). Clearly, since Vd^ vanishes on M and VdM vanishes on 
N, the Levi form of p is positive on (M U N) \ {0} for a = /3 = 1, and vanishes on 
M U fV for a, /3 > 2. This concludes the proof of (^. 

To prove m we need to factor £(p; Ap) (see (12.51) 1 into a product of d^ ^d^ ^ 
and a polynomial in variables x, y, u, v, and with coefficients depending on the 
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entries of A. Here we have 

(3.2) Ap= ((a + l)4d)(, + a<+'d^-i)AdM + ((/3 + l)4d)(, + ^<-'d^+i)Ad,. 


Firstly, since = 0 and I]j=i ^^dMj = 0, we can clearly factor 

Y^j=i and ^f'^Pj respectively into a product of or and a 

polynomial in variables x, y, u, v. 

2 2 2^2 

Next, we observe that dj^~ (respectively dj^~ ) factor out of C{dM',^p) or 
C{dN-,Xp), trivially. An easy and straightforward computation by using (12.61) shows 
further that C{dN;Xdfj) = while if du is as in (|2.1I) . (12.21) and (12.31) respec¬ 
tively, we obtain C{dM; A^m) = h^M, or we get C{dM]XdM) = 


_ {{l+a^+d^Y-id-‘ 

2(l+a2+d2)2 




and C{dM\XdM) = 2((i+a°)^+rf^) ^^^ce ^ and d^ ^ factor out of C{dM] Xp) 

and C{dN',Xp), respectively. 

From dsm applied in the cases m = Q;-|-l, n = ,5 and m = a, n = Y + l 
respectively, it now follows immediately that £(p; Xp) is factored into a product of 

3 2 3 2 

^N~ ^rid a polynomial in variables x,y,u,v. However, there are terms of 




C{p; Xp) which include as a factor. For Ym as in case (12.1|) we then obtain 

that £(p; Xp) is of the form 


(3.3) 


Ap) = 


73a —2 j3/3 —2 p 

■“m “a ’ 


(1 + a2)®(l + d?)^ 

where P is a homogeneous polynomial of degree 10 in variables x,y,u,v and the 
coefficients of P are polynomials in variables a and d. If dM is of the form (12.21) or 
dH respectively, we have 


(3.4) 

and 

(3.5) 


£(p; Ap) = 


(1 + + (P) 


_ jSa —2 73/3 — 2 p 
5 


di(p; Ap) = 


(l + a2)5((l + a2)2 + ^2)5“A/ «A 


where P again has all the properties required. This concludes the proof of the 
lemma. □ 


We note here that by choosing suitable substitutions, it is also possible to com¬ 
pute explicitly the polynomial P in Lemma 13.11 ([3|) , but on the other hand this 
might involve very long expansions of polynomials. (See also the proof of Lemma 
13.31 for this approach in the special case A = 0.) 

Before stating a key lemma of our construction we prove the following argument 
on homogeneous polynomials. 

Lemma 3.2. Let Q,R G R[a;i,a; 2 ,... ,Xm] be real homogeneous polynomials in m 
variables and of even degree s. Assume further that Q is vanishing at the origin 
and is positive elsewhere. Then for any sufficiently small constant cq > 0, it follows 
that Q > cq • \R\, with equality precisely at the origin. 

Proof. By ||a;|| = ^/a^'+lx^'x~77+l^ we denote the standard Euclidean norm of 
X = ixi,X 2 , . . .,Xm) e K™. 
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Since Q is vanishing at the origin and is positive elsewhere, there exists a constant 
c > 0 such that Q{x) > c for all x on the unit sphere, i.e. ||a::|| = 1. Also, there 
exists a constant C > 0 such that |i?(a;)| < C for any x on the unit sphere. 

However, homogeneous polynomials are uniquely determined by their values on 
a unit sphere. Thus we have Q{x) > c||a::||® and |i?(a;)| < C'||a;||'* for any x, and 
with equalities precisely at the origin. The conclusion of the lemma now clearly 
follows. □ 

The following lemma is essential in the proof of Theorem 14.11 where we construct 
Stein neighborhoods. 

Lemma 3.3. Let A, M, cIm, N and he as in Lemma, \S.1\ and let the function 
p be defined as 

P = d\jdN + dMd^N- 

If the entries of A are suffciently close to zero, then for any e > 0 the sublevel set 
Lie = {p < e} is strongly Levi pseudoconvex. 

Proof. By Lemma l3.ll the Levi form oi p = dj^dN + dMd% in complex tangent 
direction Ap (see (j2.4l) l to the boundary of its sublevel set Lie = {p < e} is of the 
form 

(3.6) £(p; Ap) = i dMdNP, Ap e T^fLle), 

where fc is a positive polynomial in variables a, d (see (l?3l) . (EH or (13.5L and P 
is a homogeneous polynomial of degree 10 in variables x, y, u, v. Furthermore, the 
coefficients of the polynomial P are polynomials in variables a and d; these are the 
entries of A (see (12.ip . (12.2p or (USD). 

We now write P as a sum of two polynomials in variables x,y,u,v: 

(3.7) p = Q + R^ 

where the coefficients of Q do not depend on a or d, and the coefficients of R are 
polynomials in variables a, d, and they are in addition without constant term. 

Observe further that for a = d = 0, the Levi form in (1^ is equal to the 
product {x^ + u^){y^ + v^) Q. On the other it is precisely equal to the Levi form of 
the function 

po{x, y, u, v) = {x^ + + y^) + [x^ + u^){v'^ + y'^f 

in complex tangent direction Ap^, to the boundary of its sublevel set, which means 
that 

(3.8) £(/Oo; ApJ = (a;^+M^)(y^+w^)Q. 

In order to be able to simplify the computation of the Levi form of po by using 
(1^ and (EB, we now need to substitute certain expressions by suitable new 
variables. We introduce the notation 

(3.9) V = v‘^ + y‘^, Z = u^ + x^, uj = V + Z, 

respectively. With the new notation, we apply formula (EB for dM = Z, dN = V 
in the cases m = 2, n = 1 and to = 1, n = 2. After adding the obtained expressions 
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and slightly regrouping like terms, we get 

(3.10) /:(po; A) = {2ZV + V‘^)C{Z- A) + {Z^ + 2VZ)L{V-, X) 



Next, observe that 

dZ 

= X, 


dZ 


= u, 


dV 

dzi 


= -w, 


dz-. 


= —IV, 


dzi ’ dz2 
and by (12.41) we also have 

(3.11) Xz = {u,-x), Xv = {-iv,iy). 

By taking a = (3 = 1 and (Im = Z, djq = 14 in p.2l) . we further obtain that 

(3.12) App = {^Z + u)^VXz + (14 + uj)ZXv- 


An easy computation gives us 

(3.13) C{V-, X) = C{Z- A) = i|Ap, A G T{C^). 

By combining (13.9p . (13.111) . (I3.12L (13.131) . and regrouping the terms, we now get 

(3.14) Ciy ; Apo) = — (^Z + a;)^14^(u^ + x^) + (14 + uj)^Z^(v‘^ + 

= i ((Z + uj)^V^Z + {V + ujfZ^vJ 
= ^vz(^vz(z + 14) + 4wl4Z + UJ^(V + Z)J 
= ^VZu;(5VZ + uj^). 

It is also easy to calculate 

( 3 - 15 ) E§§^po, = -^(V + u;)ZA, ^ ^X,„^ = z(Z + cv)VA, 

1=1 ^ 1=1 

where we denoted A = xv — uy. By using (13.91) and (13.151) we can regroup and 
simplify the sum of the last three terms in (13.101) . We obtain 

- 4a;(14 + uj){Z + vj)VZA‘^ + 2V{{V + w)ZA)^ + 2Z((Z + uj)VAf 

= -2VZA'^(2uj{V + uj){Z + oj)-{Z{V + ujf + V(Z + ujf)'j 

= -2VZA^(2oj{VZ+ ujiV + Z)+oj^) - {ZV{V + Z) + AujVZ + io‘^{Z+ V))^ 

= -2VZA'^(2uj{VZ+ 2uj^) - {bcoVZ + 

= -614ZwA2(a;^ - VZ). 
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Finally, we have 

£(po; ApJ = ^VZuj{5VZ + uj'^){‘iZV + + z^) - 6 VZujA^ 

= ^VZuj(^{5VZ + u?){2ZV + w^) - 12A^ (w^ - VZ)y 

After substituting w, V, Z, A in the above expression back by the variables x, y, u, v, 
and comparing it to (13.81) . we further obtain the factorization 

(3.16) Q{x, y, u, v) = ^{x"^ + y'^ + + v'^)Poix, y, u, v), 

where Pq is a homogeneous polynomial of degree 8 in variables x,y,u^v. 

Next, we observe the sign of polynomial Pq- We use the Cauchy-Schwarz in¬ 
equality 

= {xv — yuY < {x"^ + u^){y'^ + v^) = VZ 

in order to see that 

Po = {bVZ + iJ^){2ZV P w^) - 12A2 - VZ) 

> 22{yz f -h{yz)u? 

>22 (vZ-y-ujA\^uj\ 

- \ U J 88 

This proves that Pq and hence also Q (see (13.161) '). both vanish at the origin and 
are positive everywhere else. Moreover, we obtain that 

(3.17) Po(a;, y, u, v) > ^(x^ -k + u^)"*. 

We now show that polynomial P in (1X71) vanishes at the origin and is positive 
elsewhere, provided that the entries a, d of the matrix A are chosen sufficiently 
small. Recall that the polynomial R (see (13.7p ') is of the form 

(3.18) R{x,y,u,v) = Sa{a,d) x°‘^y'^^u°‘^v°‘'^, 

\a\ = 10 

where a = (ai,...,a 4 ) is a multiindex, and Sa is a polynomial in variables a, 
d. Remember also that all Sa are without constant terms and hence we have 
S'a(0,0) = 0. We denote by Nq the number of terms of the polynomial R. Since Q 
is a homogeneous polynomial of degree 10 (see (13.161) 1. which is positive everywhere 
except at the origin, we can use Lemma l3.2l to get a constant eo > 0 such that 

(3.19) > eo|x“i?/“^u“^u“^|, a = (ai,...,a4), |a| = 10, 

where equality holds precisely at the origin. By continuity argument, we can also 
have |S'Q;(a,d)| < eg for all a, d small enough, and this estimate is uniform for all 
coefficients Sa of polynomial R. It then follows from (|3.19|) that for all sufficiently 
small a and d, we have Q > |P|, with equality precisely at the origin. This implies 
that polynomial P vanishes at the origin and is positive elsewhere. Finally, the 
Levi form of p (see (I3.6p )) is then positive in complex tangent direction to b^e for 
any e. This completes the proof. □ 
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Remark 3.4. By analyzing the part of the proof of Lemma [37^ where Lemma [321 
was applied, we can tell how small the entries of the matrix A in the assumption 
of Lemma IS31 can be. By combining (|3.16p and f|3.17p we see that 

63 

(3.20) Q(x, y, u, v) > —(x^ + y^ +u^ + v^)^. 

As we expect the entries a, d of the matrix A to be smaller than one, we can 
roughly estimate the coefficients Sc of the polynomial R (see (13.71) and (13.181) 1 by 
|S'a(a,d)| < A^Qmax{|a|, |d|}, where Na denotes the sum of moduli of coefficients 
of the polynomial Sa- Thus we get 

(3.21) A^i A^o max{|a|, |d|} > \R{x,y,u,v)\, 

where Ni = max|Q,|^]^Q and Nq is the number of terms of R. It follows from 
(13.201) and (I3.21L that for any |a|, |d| < we have Q > |i?|, with equality 

precisely at the origin. 

Remark 3.5. The conclusion of Lemma l3.3l holds. for instance, also for the function 
+ dMd%. One might expect to prove even more. But on the other hand it is 
not clear at the moment how that would improve the conclusion of the lemma for 
bigger entries of A. 

4. Regular Stein neighborhoods of the union of totally real planes 

A system of open Stein neighborhoods {ne}eg(o,i) of a set S' in a complex man¬ 
ifold X is called a regular^ if for every e S (0,1) we have 

(1) rig = rig = Dogrit, 

(2) S = (ngg(o,i)ng is a strong deformation retract of every fig with e G (0,1). 

Theorem 4.1. Let A be a real 2x2 matrix such that A — il is invertible. Further, 
let M = (A-l-iJ)R^ and N = M.'^. If the entries of A are sufficiently small, then the 
union MAN has a regular system of strongly pseudoconvex Stein neighborhoods in 
. Moreover, away from the origin the neighborhoods coincide with sublevel sets 
of the squared Euclidean distance functions to M and N, respectively. 

As noted in Sect. |2l the general case of union of two totally real planes in¬ 
tersecting at the origin reduces to the situation described in the Theorem 14.11 
Furthermore, we may assume that M is of the form as in one of the three cases 
(lO) . (1^ or (lOl) . 

Proof. Lemma 13.31 furnishes a function p = d\jdN + dMd%, where dM and dN 
respectively are squared Euclidean distance functions to M and A^ in C^. For any 
e > 0, a domain fig = {p < e} is strongly Levi pseudoconvex. Also, the Levi form 
of p is positive on (M U A^) \ {0} and we have {p = 0} = {Vp = 0} = M U A^ (see 
Lemma EH). 

We proceed by patching p away from the origin with the squared distance func¬ 
tions. First we choose open balls and R 2 r respectively, centered at 0 and with 
radii r and 2r. Next, for any e > 0 we set 

Tg^M = G \ Br‘. dMi,^') ^ c}, Tgpv — ^ (C^ \ Br • djs^i^z) e} 













11 


and observe that for e small enough the set U is a disjoint union. 

We now glue p on i? 2 r with the restrictions pM = pN = dAr|T.,,jv' 

Pq{z) = 9{z)p[z) + (l - 0{z))pm{z) + (1 - 9{z))pi^{z), z G S 2 ,. U T^. 

Here 0 is a smooth cut-off function, which is supported on B 2 r and equals one on 
Br- To be precise, we have 9 = x(|zip -I- |z 2 p), where % is another suitable cut-off 
function with x(t) = 1 for t < r and x(t) = 0 for t > 2r. Observe that po coincides 
with p on Br and with (Im or d-N respectively on \ B 2 r and \ B 2 r- 

It is immediate that {po = 0} = MUiV and that Vpo is vanishing on MU On 
{B 2 r \ Br) \ [M UiV), but close to MUN, we have V9 near to tangent directions to 
M U N, and VpM or Vpvr respectively are near to normal directions to M and N. 
After possibly choosing e smaller and shrinking T^, we get {Vpo = 0} = M U N. 
Finally, the flow of the negative gradient vector field — Vpo gives us a deformation 
retraction of 0^ = {po < e} onto M U N for every e small enough. 

It remains to verify that the sublevel set is indeed Stein, provided that e is 
chosen small enough. Since p, du, and their gradients all vanish on M U N, 
this implies that for z G M U and any A G Tz{C'^) we have 

^(^)(po; A) = 9{z)C(^^){p-, A) -b (I - 6 »(z))£(2)(pm; A) + (1 - 9{z))C(^^){pn\X)- 

The Levi form of po is thus positive on [M \JN) \ {0}. By choosing e small enough, 
it is then positive on Br- Furthermore, as po coincides with p on Br-, the Levi 
form of Po is positive in complex tangent direction to tifle (by Lemma |3.3I1 . 

We now use a standard argument to get a strictly plurisubharmonic function in 
all directions also on n Br- Set a new defining function for 

(4.1) p(z) = (po(z)-e)e^('’'>(^)-^), 

where C is a large constant (to be chosen). By computation we get 


/:(,)(p;A)=£(,)(po;A) + 2c|^|^(z)A 

1=1 ^ 


z G brif 


i=i 


dzi 


G T,(C"). 


After taking C large enough the Levi form of p becomes positive in all direc¬ 
tions on bile- This proves strong pseudoconvexity of Since the restrictions of 
plurisubharmonic functions to analytic sets are plurisubharmonic and must satisfy 
the maximum principle (see m), we cannot have any compact analytic subset of 
positive dimension in C^. As fig C is strongly pseudoconvex, it is then Stein by 
a result of Grauert (see [U Proposition 5]). This completes the proof. □ 


Remark 4.2. The assumption of taking sufficiently small entries of A in Theorem 
14.11 is essential and enables the application of Lemma 13.31 in the proof; see Remark 
13.41 for the estimate how small the entries of A can be. 


Lemma 13.31 can also be applied to give an extension of a result on certain closed 
real surfaces immersed into a complex surface (|71 Theorem 2.2] and [T71 Theorem 
2 ]). 

Proposition 4.3. Let tt: S ^ X be an smooth immersion of a closed real surfaee 
into a Stein surface satisfying the following properties: 
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(1) TT has only transverse double points (no multiple points) pi,.. .pk, and in a 
neighborhood of each double point pj (j G {1,... ,k}), there exist holomor- 
phic coordinates ipj : Uj —>■ C such that ipj{S C\Uj) = (K^ U Mj) fl Vj, 
ifjipj) = 0, where S = tt{S) and Mj = (Aj + with Aj — il invertible, 

(2) TT has finitely many complex points Pk+i, ■ ■ ■ ,Pm, which are flat hyperbolic. 

If the entries of Aj for all j G {1,..., fc} are sufficiently close to zero, then S has 
a regular strongly pseudoconvex Stein neighborhood basis in X. 

The proofs given in [3 Theorem 2.2] and [T71 Theorem 2]) apply mutatis mu¬ 
tandis to our situation. For the sake of completeness we sketch the proof. 

Proof. By Lemma 13.31 for every j G {!,... fc} there exists a smooth non-negative 
function pj : 1^ —>■ K, which is strictly plurisubharmonic away from the origin and 
its sublevel sets {pj < e} are strongly Levi pseudoconvex. Furthermore, we have 
{pj = 0} = {Xpj = 0} = U Mj) n Vj (see also Lemma IXTl) . Next we set 
ipj = Pj o fjj : C/j —>■ M and observe that pj inherits the obove properties from pj. 

By [HI Lemma 8] for every j G {fc-l- 1,..., m} there exists a small neighborhood 
Uj of a point pj and a smooth non-negative function p: Uj —>■ R, which is strictly 
plurisubharmonic on Uj \ {pj} and such that {yij = 0} = = 0} = S' PI tf,-. 

Further, let pQ = dg and dp respectively be the squared distance functions to S 
or to p G S in X, with respect to some Riemannian metric on X. It is well known 
that the squared distance function to a smooth totally real submanifold is strictly 
plurisubharmonic in a neighborhood of the submanifold (see e.g. |171 Proposition 
2] or [151 Proposition 4.1]). Therefore po is strictly plurisubharmonic in some open 
neighborhood C/q of S \ {pi,... ,Pm}- 

We now patch functions pj for all j G {0,1,..., m}. First, denote U = 
and let r: ^ S be a map defined as r{z) = p ii dg{z) = dp{z). The map r is well 
defined and smooth, provided that the sets Uj are chosen small enough. Next, we 
choose a partition of unity {dj}o<j<m subordinated to {Uj H S}o<j<m, and such 
that for every j G {1,..., m} the function 9j equals one near the point pj. Finally, 
we define 

m 

Pi.z) = ^9j{r{z))pj{z), zGU. 

3=0 

We see that S = {p = 0} and Xp{z) = J^jLo z G U, thus we 

further have 

m 

='^^3{p)^(p){Pj',>'), P&S, \GTp{U). 

3=0 

After shrinking U we obtain that {Vp = 0} = 5' and p is strictly plurisubharmonic 
away from the points pi,... ,Pm- 

It is left to show that the sublevel sets lie = {p < e} are Stein domains. Since 
p coincides with pj near pj for every j G {l,...,m}, the sublevel sets are 
then strongly Levi pseudoconvex near pj. For a given e we can in a similar way 
as in the proof of Theorem 14.11 (see (I4.ip l choose a positive constant C such that 
p{z) = {p{z) — is a defining function for fig and such that p is strictly 

plurisubharmonic on feUg. The function p might not be strictly plurisubharmonic 
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only near the points pi, ■ ■ ■ ,Pm- Since X is Stein we globally have a strictly plurisub- 
harmonic function and by standard cutting and patching techniques (see i.e. |14] 1 
we obtain a strictly plurisubharmonic exhaustion function for By Grauert’s 
theorem [TTl Theorem 2] a domain is then Stein. □ 
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